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Limit-Cycle Hysteresis Response for a High-Aspect-Ratio
Wing Model
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An experimental high-aspect-ratio wing aeroelastic model with a slender body at the tip has been constructed,
and the response due to � utter and limit-cycle oscillations (LCOs) has been measured in a wind-tunnel test. A
theoretical model has been developed and calculations made to correlate with the experimental data. Structural
equations of motion based on nonlinear beam theory are combined with the ONERA aerodynamic stall model to
study the LCO hysteresis phenomenonof a high-aspect-ratio wing model.Time simulationand a harmonicbalance
approach are each used to compute the LCO hysteretic response.The results between the theory and experiment
are in good agreement.

Introduction

A EROELASTIC stability and limit-cycle oscillation response
of an aircraft with a high-aspect-ratiowing have been studied

for many years for subsonic to supersonic � ow. Most investigators
have used linear beam theory to simplify the wing structural model.
As shown in Refs. 1–3, however, a geometric structuralnonlinearity
may arise fromthecouplingbetweenelastic� apbending,chordwise
bending, and torsion for very high-aspect-ratiowings typical of un-
inhabitedair vehicles (UAV). In Refs. 2 and 3, the effect of the large
static pre� utter deformation on the � utter boundary and limit-cycle
oscillationresponsehas been studied.The resultsprovideadditional
insight with respect to the contributionof structural nonlinear cou-
pling to the aeroelastic stability and response of high-aspect-ratio
wings.

Following Refs. 1–4, an experimental and theoretical study on
� utter, limit-cycle oscillations (LCOs) and gust response of high-
aspect-ratio wings has been reported in Refs. 5 and 6. An experi-
mental high-aspect-ratiowing aeroelastic model with a tip slender
body was constructed,and a wind-tunnel test conducted to measure
the static aeroelastic response, � utter, and LCO5 for a horizontally
mounted wing. Large static pre� utter deformations in the vertical
or the torsional direction were created by the gravity loading on the
wing and a tip slender body and also by a steady angle of attack,
which provided a static aerodynamic load on the wing. In Ref. 6,
the wing model was mounted vertically to eliminate gravity effects.
Large static pre� utter deformations were only created by a steady
angle of attack. The discussion was focused on the nonlinear gust
response. The experimental results of Refs. 5 and 6 largely validate
the theoretical results of earlier studies.2¡4 Note an LCO hysteresis
phenomenon was found from both the time simulation and the ex-
perimentalobservationof the nonlinearaeroelasticsystem in Refs. 5
and 6.

Following the work of Refs. 5 and 6, in the present paper we
develop a mathematical model and computational code using the
harmonic balance method to calculate the LCO response of a high-
aspect-ratiowing at low subsonic � ow speeds.A special focus is on
the hysteretic response. The harmonic balance results complement
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earlier results from time simulations and provide additional insight
with respect to the contribution of structural nonlinear coupling to
the aeroelastic stability and response of high-aspect-ratiowings.

Strip theory aerodynamics has been used in the present work;
although this is well validated for high-aspect-ratiowings with at-
tached � ow, less is known about the accuracy of strip theory when
� ow separation occurs.

Harmonic Balance Method
An experimental high-aspect-ratio wing model with a slender

body at the tip has been described in Ref. 5. Large static pre� utter
deformationsin the vertical or torsionaldirectionare created by the
gravity loading on the wing and a tip slender body. Figure 1 shows
a photograph of the experimental model in the wind tunnel.

The wing is of constant chord, c D 5:08 cm, and span,
l D 45:08 cm. The airfoil section is a NACA 0012. The bending
and torsional stiffness of the wing is provided by a beam internal to
the aerodynamic shape. It is rectangular in cross section of 1.27 cm
width and 0.127 cm thicknessand made of steel (precisionground).

The state-space equations based on the Hodges–Dowell1 equa-
tions, ONERA stall aerodynamicmodel,7 and the Galerkin method
have been derived in Ref. 5. The results are given by

[A]f Pqg C [B]fqg D fF0g C fFN g (1)

where fqg is a state vector, which is de� ned as

fqg D f PV j ; V j ; PW j ; W j ; P8; 8 j ; Cll ; Cml ; Cdl g

V j , W j , and 8 j are the generalized coordinates in chordwise, � ap-
wise, and torsional directions. Cll , Cml , and Cdl are the ONERA
airfoil aerodynamic coef� cients. The structural mode number is
j D 1; 2; : : : ; N , and the aerodynamic section number along the
span of the wing is l D 1; 2; : : : ; NN. The coef� cient matrices [A]
and [B] are dependent on the � ow and structural parameters. The
force vectors F0 and FN are static force obtained from the effects of
gravity and the nonlinear forces obtained from the structural non-
linearity and stall aerodynamics, respectively.

A harmonic balance approachcan be derivedusing Eq. (1). Here,
we consider a modal vector fX g composedof the structuralgeneral-
ized coordinates fW j ; V j ; 8 j g. All quantities are cast into their � rst
harmonic forms, that is,

X .U; µ0; g/ D X0 C Xs sin!t C X c cos!t (2)

where

fX0g D fV j0; W j0; 8 j0g; fXs g D fV js ; W js ; 8 jsg

fXcg D fV j c; W j c; 8 jcg
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Table 1 Aerodynamic coef� cients

Coef� cients Lift Moment

a0z 5:9 rad¡1 0
sz 0:09 £ 180=¼ rad¡1 ¡¼=4 rad¡1

kvz ¼=2 rad¡1 ¡3¼=16 rad¡1

¸z 0.15 0
®z 0.55 1
¾z 5.9 rad¡1 ¡¼=4 rad¡1

2dw 0:25 C 0:1.1CL /2 0:25 C 0:1.1CL /2

w2.1 C d2/ [0:2 C 0:1.1CL /2]2 [0:2 C 0:1.1CL/2]2

e ¡0:6.1CL /2 ¡0:6.1CL /2

1Cz.®/ a0z® ¡ Czs.®/

Fig. 1 Experimental model in the wind tunnel.

For the ONERA aerodynamic model, the lift, drag, and moment
coef� cientsof each wing section in the differentialequationsare de-
scribed in terms of a reduced time (d=d¿ , where ¿ D Ut=b). How-
ever, this timescale is not convenient for the structural dynamic
analysis of the wing. A more conventional differential operator rel-
ative to the real time, d=dt , is used in this paper for comparisonwith
the experimental data. This is given by

d. /

d¿
D

b

U
d. /

dt
D t¿ .¢/; t¿ D

b

U

The ONERA airfoil equations are given by

Cz D Cz1 C Cz2 (3)

Cz1 D t¿ sz P® C t2
¿ kvz

RÁ C Cz° (4)

t¿
PCz° C ¸zCz° D ¸z.a0z® C t¿ ¾z

PÁ/ C ®z

¡
t¿ a0z P® C t 2

¿ ¾z
RÁ
¢

(5)

t 2
¿

RCz2 C 2t¿ dw PCz2 C w2.1 C d2/Cz2

D ¡w2.1 C d2/

³
1Cz C t¿ e

@1Cz

@®
P®
´

(6)

Cz is either the relevant nondimensional lift force coef� cient Cl

and/or the pitch moment coef� cient Cm . For the coef� cients asso-
ciated with Eqs. (3–6), see Table 1 (also Ref. 8). The moment is
taken about the wing quarter-chord.The nondimensionaldrag force
coef� cient Cd is represented as Cd D 0:008 C 0:003® P®.

The aerodynamic coef� cients Cl , Cd , and Cm are dependent on
the angle of attack and the structural generalized coordinates in the
ONERA aerodynamic model. The angle of attack ® is expressed in
a � rst harmonic form

® D ®0 C ®s sin!t C ®c cos!t (7)

where ®0, ®s , and ®c dependon the structuralmotion and the steady-
state angle µ0.

The circulatory(Cz° ) and noncirculatoryterms of the airfoil aero-
dynamics give the linear contribution Cz1 , and the � rst harmonic
form is given by

Cz1 D Cz10 C Cz1s sin !t C Cz1c cos !t (8)

where Cz10 , Cz1s , and Cz1c are linear functions of the structural
motions.

The stalled (nonlinear) aerodynamic term Cz2 is given by

Cz2 D Cz20 C Cz2s sin !t C Cz2c cos !t (9)

where Cz20, Cz2s , and Cz2c are nonlinear functions of the structural
motions due to the nonlinear deviation term 1Cz in Eqs. (4–6).

For simplicity, following Dunn and Dugundji8 and Kim and
Dugundji,9 1Cz is described by a single-breakpointmodel based
on low Reynolds number static experimentaldata for a NACA 0012
airfoil. Thus, a Fourier analysis of 1Cz is used, and the � rst har-
monic components of 1Cz are obtained. The results are shown in
Appendix A of Ref. 9. It is rewritten here.

For a single-breakpointmodel,

1Cz D
»

a11z.® ¡ ®1/ ® ¸ ®1

0 ® · ®1 (10)

1Cz0 D .a11z=¼/
£
.®0 ¡ ®1/

©
¼=2 ¡ 1

2 .’1 C ’11/
ª

C .®v=2/.cos ’1 C cos ’11/
¤

(11)

1Czs D ¡.a11z®v=¼/
£

1
2 sin ’1 cos ’1

C cos ’11.sin ’1 ¡ sin’11/ ¡ ¼=2 ¡ 1
2 .’11 C ’1/

¤
(12)

1Czc D .a11z®v=¼/
£

sin ’1 sin ’11 ¡ sin2 ’1

C 1
4 .cos 2’11 ¡ cos 2’1/

¤
(13)

where

’1 D

8
<

:

¼=2 if .®1 ¡ ®0/=®v > 1

¡.¼=2/ if .®1 ¡ ®0/=®v < ¡1

sin¡1[.®1 ¡ ®0/=®v] otherwise

for no stall, full stall, and partial stall, respectively,and

’11 D

8
<

:

’1 if .®1 ¡ ®0/=®v > 1

’1 if .®1 ¡ ®0/=®v < ¡1

’1 C 10!b=U otherwise

for no stall, full stall, and partial stall, respectively, where ®v Dp
.®2

s C ®2
c / and ®1 is the static stall angle of attack.

The nonlinear effect comes from the stall phases, ’1 and ’11.
Note that aerodynamic drag is not considered in the present paper.
Cz only includes the lift Cl and pitching moment Cm .

Substituting Eqs. (2–13) into Eq. (1), a set of static equilib-
rium equations and of dynamic equations corresponding to sine
and cosine terms is obtained. They are
2
4

K0.U; µ0/

M11.U; !; µ0/ M12.U; !; µ0/

M21.U; !; µ0/ M22.U; !; µ0/

3
5

8
<

:

X0

X s

X c

9
=

;

C

8
<

:

Q N0

Q Ns

QN c

9
=

; D f0g (14)

where Q N0 , QN s , and QN c are nonlinearbecause1Cz is a nonlinear
function of the angle of attack ®.
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Matrix equation (14) is solved via a Newton–Raphson method.
Without loss of generality, the cosine component of the � rst torsion
mode is set to zero. The remaining Fourier modal amplitudes and
the oscillation frequency! are then determined from the numerical
solution.

Correlation Between Theory and Experiment
The experimental model includes two parts: a high-aspect-ratio

wing with a slender body at the tip and a root support mechanism.
The wing model is described in Ref. 5. The root supportmechanism
is a socket that allows a change of the steady angle of attack at the
root. The root socket is mounted to the midpoint of side wall of the
wind tunnel, as shown in Fig. 1.

A Helium–Neon laser, with 0.8 mw (microwatt) randomly polar-
ized and 633-nm wavelength, is mounted on the top of the tunnel.
The top of the tunnel is made of a glass plate with a thickness of
1.27 cm A mirror, 1.27 cm in diameter, is � xed on the tip of the
wing. We use a mirror de� ection technique to measure the tip static
aeroelasticde� ectionsof thewing.A pointdeterminedbya re� ected
light source is marked on readout grid paper placed on the top of the
wind tunnel when the wing is unde� ected. The readout grid paper
is calibrated in the tip � ap and twist de� ections before the test. The
re� ected light source point with wing de� ection as marked on the
readout paper is then observed as the � ow velocity is varied.

A microaccelerometer is mounted at the midspan of the wing to
measure the LCO response of the wing. The output signals from
these transducers are directly recorded on a computer with data
acquisition and analysis software, Lab-VIEW version 5.1.

Static Aeroelastic De� ections of the Wing

The theoretical results are obtained from Eq. (14) using the har-
monic balanceapproach.The � ow velocityis variedfrom1 to 38 m/s
for the calculations and 10 to 36 m/s for the measurements. The
wing is divided into 10 spanwise aerodynamic sections, that is,
NN D 10. The stall aerodynamic data for a NACA 0012 airfoil are
used in this paper. The structural modes selected are the � rst chord-
wise mode, � rst four � apwise modes, and � rst torsional mode. A
Newton–Raphson method is used to solve the nonlinear algebraic
equation (14).

The theoreticaland experimentalresultsare shown in Figs. 2a and
2b for a steady angle of attack µ0 D 1 deg. Figure 2a is for the tip
� apwise de� ection and Fig. 2b for the tip twist. The experimental
datahavesomescatterdue to the turbulentwind-tunnelaerodynamic
noise, although the noise is small. A very high measurement sensi-
tivity is obtained from the mirror technique.We use a bar in Fig. 2 to
indicate the magnitudeof the responseuncertainty.As shown Fig. 2,
both the tip and twist de� ection increasewith increasing� ow veloc-
ity, but the tip de� ection is always negative until the � ow velocity
reaches 34.5 m/s. At that velocity, the aerodynamic forces provide
suf� cient lift to overcome the effect of gravity. At U > 34:5 m/s,
the system enters into the � utter instability range. The consequent
LCO has a certain nonzero mean or temporal average. Also with
LCO, aerodynamicstall occurs and the lift coef� cientCl has a large
change in consequence.The experimentaldata fall near the theoret-
ical curves in Fig. 2. In general, the agreement between theory and
experiment is good except for some points at U D 10 and 15 m/s
and in the higher � ow velocity range. The data � uctuation increases
due to greater aerodynamic turbulence and large LCO responses as
the � ow velocity increases.

Dynamic Aeroelastic De� ections of the Wing

The theoretical results are obtained from Eq. (14) using the har-
monic balance approach. The � ow velocity was varied from 33 to
38 m/s for the calculations and 31.4 to 36.5 m/s for the measure-
ments.The theoreticalandexperimentalresultsare shownin Figs. 3a
and 3b for a steady angle of attack, µ0 D 1 deg, and at midspan of
the wing. Figure 3a is for LCO � apwise amplitude. (Here we use
rms values for comparison with the experimentalresults.)Figure 3b
is the LCO frequency.The theoreticalLCO responses are indicated
by a solid line for a stable LCO or a broken line for an unstable

a) Flap de� ection

b) Twist de� ection

Fig. 2 Static aeroelastic de� ections of the wing vs � ow velocity for
pitch angle of attack µ0 = 1 deg.

a) Midspan � apwise LCO amplitude

b) Frequency vs � ow velocity

Fig. 3 Theoretical and experimental correlation for µ0 = 1 deg, , ,
test data; ——, - - - -, harmonic balance theoretical data; and M, linear
� utter velocity.



888 TANG AND DOWELL

Fig. 4 Midspan� apwise LCO amplitudevs � ow velocity for µ0 = 1 deg
using harmonic balance method and time-marching approach: , 4 ,
time-marching results for increasing and decreasing � ow velocity, re-
spectively; ——, - - - -, harmonic balance results; and , linear � utter
velocity.

LCO in Fig. 3a. There are two solutions that satisfy Eqs. (14) in
the � ow velocity range of U D 33:5–34.8 m/s. Thus, a hysteretic
response is predicted by the harmonic balance solution. The linear
� utter velocity that is calculated from the perturbation eigenvalue
solution is also indicated in Fig. 3.

From the experimental measurement, we observed two different
LCO responses for increasing and decreasing � ow velocity. With
increasing � ow velocity, we � nd a jump at U D 33:5 m/s, which is
similar to the theoretical results at U D 34:5 m/s as shown (Fig. 3).
This velocitywhere the jumpoccursis calledtheexperimental� utter
velocity. As the � ow velocity increases further, the LCO amplitude
as measured has a modestly larger increasethan that found from the-
ory.For model safety,the testwas stoppedatU D 36:5 m/s.When the
� ow velocity is decreased,we � nd another jump at U D 32:4 m/s as
shown in Fig. 3a. The experimentalLCO amplitudes for decreasing
velocity are modestly smaller than those found for increasing ve-
locity. The experimentalamplitudesare taken as rms averagevalues
from a 50-s sampling interval. Very clear LCO hysteretic response
is observed in the present wind-tunnel tests for the several different
steady angles of attack.

The LCO frequency vs � ow velocity is shown in Fig. 3b. The
symbols used in Fig. 3b are the same as for Fig. 3a. As shown in
Fig. 3b, the stable LCO frequency has a slight change as the � ow
velocity increases.

A hysteresis phenomenon was found from both the theoret-
ical prediction and experimental observation. The theoretical/
experimental agreement is reasonably good.

To further study the LCO hysteretic response, a time-marching
approach was also used to solve Eq. (1). A typical LCO response
(rms) vs � ow velocity for µ0 D 1 deg and at the midspan position is
shown in Fig. 4. The theoreticalamplitudesare taken as rms average
valuesfroma 50-ssamplinginterval.For the increasing� ow velocity
case, the theoretical LCO occurs when the � ow velocity is larger
than the perturbation � utter velocity, and the amplitude has a jump
from almost rest to a largervalue.Once the onset of LCO occurs, the
amplitude increases smoothly with increasing � ow velocity. When
U > 38:6 m/s, a numericalor possiblya physicaldivergenceis found
in the theoretical model. For the case of decreasing � ow velocity,
as shown by the broken line, the LCO amplitude decreases but does
not exactly coincidewith that for the increasingvelocity case. Also,
there is a jump in the LCO response at U D 33:5 m/s, which is a

distinctly lower velocity than that found for the increasing velocity
case, that is, U D 34:5 m/s.

To determine the source of the hysteresis, the theoretical calcu-
lation (time-marching approach) was repeated with the structural
nonlinearity or the stall aerodynamic nonlinearity removed, alter-
natively. It is found the structural nonlinearity alone does not lead
to hysteresisand LCO. However, the stall aerodynamicnonlinearity
alone does give rise to hysteresis and LCO.

The two theoretical results (from the harmonic balance method
and time-marching approach) as shown in Fig. 4 are very close.
Thus, we conclude that the classical harmonic balance theory can
be used to explain the LCO hysteresis phenomenon observed in the
present nonlinear aeroelastic system.

Conclusions
The present experimental and theoretical results provide new in-

sights into nonlinear aeroelastic phenomena for high-aspect-ratio
wings (with a tip slender body) that have a beamlike structural be-
havior. An LCO hysteretic response is observed in the theoretical
analysis as well as the experimental measurement. Both a time-
marching approach (time domain) and a harmonic balance method
(frequency domain) show this hysteresis phenomenon. The onset
of the LCO hysteretic response is generally dependent on a deli-
cate balance between stall aerodynamics and the structural nonlin-
ear forces. However, the stall aerodynamics are dominant for the
present experimentalwing model.
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